Abstract. The theory of second order complex coefficient operators of the form L = divA(x)∇ has recently been developed under the assumption of p-ellipticity. In particular, if the matrix A is p-elliptic, the solutions u to Lu = 0 will satisfy a higher integrability, even though they may not be continuous in the interior. Moreover, these solutions have the property that |u| p/2−1 u ∈ W 1,2 loc . These properties of solutions were used by Dindoš-Pipher to solve the L p Dirichlet problem for p-elliptic operators whose coefficients satisfy a further regularity condition, a Carleson measure condition that has often appeared in the literature in the study of real, elliptic divergence form operators. This paper contains two main results. First, we establish solvability of the Regularity boundary value problem for this class of operators, in the same range as that of the Dirichlet problem. The Regularity problem, even in the real elliptic setting, is more delicate than the Dirichlet problem because it requires estimates on derivatives of solutions. Second, the Regularity results allow us to extend the previously established range of L p solvability of the Dirichlet problem using a theorem due to Z. Shen for general bounded sublinear operators.
Introduction
The theory of elliptic boundary value problems under minimal smoothness assumptions on the boundary or the coefficients has been well-studied in the realvalued setting and there is a rich literature of results and applications. By contrast, the literature in the complex valued setting is much more limited. Some important milestones in the study of complex coefficient operators exist: notable is the resolution of the Kato problem, which can be formulated as a "Regularity" boundary value problem for operators that satisfy very specific constraints in structure ( [6] ). The challenge in this theory is that solutions to complex coefficient elliptic operators are not necessarily continuous, nor do they satisfy even a weak maximum principle, which is typically the starting point for the study of boundary value problems. Some of the results for complex coefficient operators have been proven under the assumption of interior Hölder regularity (the De Giorgi-Nash-Moser theory), yet it is not clear how this assumption can be correlated with quantitative verifiable assumptions on the operators.
In this paper we continue the investigation of solvability of boundary value problems for complex valued second order divergence form elliptic operators under a structural algebraic assumption on the matrix known as p-ellipticity. This structural assumption was introduced independently in [18] and [7] , and is a quantitative strengthening of a condition related to L p -contractivity of elliptic operators that was discovered by Cialdea and Maz'ya ( [9] ). When the coefficients of the operator are real, or when p = 2, the p-ellipticity condition is equivalent to the familiar uniform ellipticity condition.
In [18] we used the p-ellipticity condition to establish a limited interior regularity for solutions to these complex coefficient second order divergence form operators. We think of this as a weak substitute for the De Giorgi-Nash-Moser regularity of real valued operators and, in fact, we used a variant of Moser's iteration argument to prove it. Specifically, we considered there operators of the form L = divA(x)∇ + B(x) · ∇, where the matrix A is p-elliptic and B satisfies a natural minimal scaling condition. This limited regularity theory allowed us to address the solvability of the L p Dirichlet problem for a collection of operators with complex coefficients whose matrices are in canonical form, as defined below. ( [18] contains a discussion of how to put an operator with lower order terms in canonical form. ) This results of this paper concern the aforementioned Regularity problem, in which the boundary data is prescribed in the Sobolev space of functions whose tangential derivatives belong to some L p space. In analogy with the Dirichlet problem, where one expects to show classical convergence of a solution nontangentially to its boundary data in L p through the control of a nontangental maximal function, in this problem one expects to prove nontangential estimates for the gradients of the solution in terms of the derivatives of the data on the boundary. The formulation of these estimates must take into account the fact these solutions and their derivatives do not have pointwise values, but are merely measurable functions in certain Lebesgue spaces.
We now discuss the class of elliptic operators for which Dirichlet and Regularity problems are considered. In [29] , a class of real valued second order operators (with drift terms like those defined below) was introduced, and the elliptic measure associated to such operators was shown to belong to the A ∞ class with respect to surface measure on the boundary. This implies that the Dirichlet problem for these operators is solvable with data in L p for some possibly large value of p. The study of this class of operators was motivated by a question of Dahlberg, which in turn was inspired by the fact that these operators arose naturally from a change of variables mapping from Lipschitz into flat domains. Specifically, the coefficients of the matrix A was assumed to satisfy a Carleson measure. Examples showed that A ∞ was the optimal result in this regime. Later, a slight strengthening of the Carleson measure condition was shown in [19] to imply solvability of the Dirichlet problem for the full range 1 < p < ∞. We refer to this condition as the "small" Carleson condition, defined in Section 2.
In [20] , this Regularity problem was solved for equations of the form L = divA(x)∇, with A real and elliptic, satisfying this small Carleson condition. There are open questions even for operators with real coefficients that satisfy the Carleson condition of [29] , such as solvability of the Regularity problem in L p for p near 1.
The first main result of this paper is the solvability of the Regularity problem for boundary data ∇ T f ∈ L p , under the assumption that the matrix A is p-elliptic and satisfies small Carleson condition. where the matrix A is p-elliptic with constants λ p , Λ, A 00 = 1 and I m A 0j = 0 for all 1 ≤ j ≤ n − 1. Assume also that dµ(x) = sup
is a Carleson measure in Ω.
Then there exist K = K(λ p , Λ, n, p) > 0 and C(λ p , Λ, n, p) > 0 such that if
then the L p Regularity problem
in Ω, u = f for σ-a.e. x ∈ ∂Ω,
4)
is solvable and the estimate
holds for all energy solutions u with datum f .
The second main theorem of the paper extends the range of solvability of Lu = 0 with L p Dirichlet boundary data for variable coefficient complex coefficient operators satisfying these Carleson conditions on coefficients. In the paper [18] we have considered the solvability in the range p ∈ (p 0 , p ′ 0 ) where p 0 = inf{p > 1 : the matrix A is p-elliptic}.
( 1.6) Thanks to the solvability of the Regularity problem (Theorem 1.1) we are now able to use the technique of Z. Shen ([31] , [32] ) and extend the previously established range of solvability of the Dirichlet problem to a larger interval p ∈ (p 0 , p
In particular, when n = 2, 3 or when p ′ 0 > n − 1, the range of solvability is extended to all p ∈ (p 0 , ∞). is solvable and the estimate
In particular observe that p max = ∞ in dimensions 2 and 3 and that when n ≥ 4
Remark 1.3. We address at the end of section 2 how we can rewrite any operator L as (1.1) with coefficients A 0j real and A 00 = 1. We require this particular form of our operator in the main section 4 of this paper.
In the statement of these two theorems, we've used some notation that will be defined in subsequent sections. We will also recall there the concept of Carleson measure, discuss the notions of L p solvability and energy solutions and defineÑ p which is a variant of the nontangential maximal function defined using L p averages of the solution u. Remark 1.4. Lemma 2.6 of [18] shows that L q averages of solutions on interior balls are controlled bp L q averages for q in the range (p 0 ,
, extending beyond the range of p-ellipticity. Thus one can use the N q nontangential maximal function for such q in the estimate (1.10). The arguments for Theorem 1.1 show that, similarly, the gradient ∇u of solutions to the Regularity problem will be locally L q integrable for q in the range (p 0 ,
In particular, by Sobolev embedding, solvability of the Regularity problem in the regime p ′ 0 > n − 2 implies that solutions are Hölder continuous.
The paper is organized as follows. In Section 2, we define the concept of pellipticity, the nontangential maximal function, the p-adapted square function, Carleson measures and the notions of solvability of these various boundary value problems. In Section 3, we establish bounds for the nontangential maximal function by the square function. The estimates for the p-adapted square functions are established in Section 4. In light of (4.9), square functions that involve tangential derivatives are easier to handle and we begin by bounding these. We then show that, essentially, the square function with the full gradient can be controlled by the square functions of tangential derivatives. In Sections 5 and 6, we present the proofs of the two main theorems.
Basic notions and definitions
2.1. p-ellipticity. The concept of p-ellipticity was introduced in [8] , where the authors investigated the L p -dissipativity of second order divergence complex coefficient operators. Later, Carbonaro and Dragičević [7] gave an equivalent definition and coined the term "p-ellipticity". It is this definition that was most useful for the results of [18] . To introduce this, we define, for p > 1, the R-linear map
, where M n (C) is the space of n × n complex valued matrices. We say that A is p-elliptic if for a.e.
for some λ p > 0 and there exists Λ > 0 such that
It is now easy to observe that the notion of 2-ellipticity coincides with the usual ellipticity condition for complex matrices. As shown in [7] if A is elliptic, then there exists µ(A) > 0 such that A is p-elliptic if and only if 1 − 
where φ : R n−1 → R is a Lipschitz function with Lipschitz constant given by
In other words, δ(x) is comparable to the distance of the point x from the boundary of Ω.
Definition 2.2.
A cone of aperture a > 0 is a non-tangential approach region to the point Q = (x 0 , x ′ ) ∈ ∂Ω defined as
We require 1/a > L, otherwise the aperture of the cone is too large and might not lie inside Ω. When Ω = R n + all parameters a > 0 may be considered. Sometimes it is necessary to truncate Γ(Q) at height h, in which case we write
In [DPP], a "p-adapted" square function was introduced. The usual square function is the p-adapted square function when p = 2. In the following definition, when p < 2 we use the convention that the expression |∇w(x)| 2 |w(x)| p−2 is zero whenever ∇w(x) vanishes.
loc (Ω; C) at Q ∈ ∂Ω relative to the cone Γ a (Q) is defined by
and, for each h > 0, its truncated version is given by
We further introduce the following convention. When w : Ω → C k with component functions (w i ) 1≤i≤k we denote by S p,a (w)(Q) the following sum
It is not immediately clear that the integrals appearing in (2.8) are well-defined. However, in [18] , it was shown that the expressions of the form |∇w(x)| 2 |w(x)| p−2 , when w is a solution of Lw = 0, are locally integrable and hence the definition of S p (w) makes sense for such p whenever p-ellipticity holds. This in particular applies with some modifications to
The righthand side of this PDE is good enough for the regularity theory developed in [18] to apply to this more complicated system of equations as well.
A simple application of Fubini's theorem gives
For Ω ⊂ R n as above, and for a continuous w : Ω → C, the nontangential maximal function (h-truncated nontangential maximal function) of u at Q ∈ ∂Ω relative to the cone Γ a (Q), is defined by
Moreover, we shall also consider a related version of the above nontangential maximal function. This is denoted byÑ p,a and is defined using L p averages over balls in the domain Ω. Specifically, given w ∈ L p loc (Ω; C) we set N p,a (w)(Q) := sup
for each Q ∈ ∂Ω and h > 0 where, at each x ∈ Ω,
Above and elsewhere, a barred integral indicates an averaging operation. Observe that, given w ∈ L p loc (Ω; C), the function w p associated with w as in (2.14) is continuous andÑ p,a (w) = N a (w p ) everywhere on ∂Ω.
The L 2 -averaged nontangential maximal function was introduced in [28] in connection with the Neuman and regularity problem value problems. In the context of p-ellipticity, Proposition 3.5 of [18] shows that there is no difference between L 2 averages and L p averages when w = u solves Lu = 0 and thatÑ p,a (u) andÑ 2,a ′ (u) are comparable in L r norms for all r > 0 and all allowable apertures a, a ′ . In this paper we shall consider w = ∇u. However, as it turns out a modification of the argument following (2.20) of [18] applies in our case: each component w k = ∂ k u of w solves an equation similar to one considered in [18] , namely
Observe that the condition |∇A(x)| ≤ K(δ(x)) −1 implies that the right hand side of (2.15) is the divergence of a vector in L 2 and thus the solutions w k will belong W 1,2 loc . We record the regularity results in the following Proposition. Proposition 2.5.
A is p-elliptic}, and suppose that A has bounded measurable coefficients satisfying
where the constant K is uniform, and δ(x) denotes the distance of x to the boundary of Ω. Then we have the following improvement in the regularity of ∇u. For any B 4r (x) ⊂ Ω and ε > 0 there exists C ε > 0 such that
and when n = 2 one can take p, q ∈ (p 0 , ∞).) The constant in the estimate depends on the dimension, the pellipticity constants, Λ, K and ε > 0 but not on x ∈ Ω, r > 0 or u.
It follows that for any boundary ball ∆ = ∆ d ⊂ ∂Ω, for any p, q ∈ (p 0 , p ′ 0 n n−2 ) and for any allowed aperture parameters a, a
18) for all r > 0. We also have for the same range of p's the estimate 19) for all k = 0, 1, 2, . . . , n − 1.
Carleson measures.
We begin by recalling the definition of a Carleson measure in a domain Ω as in (2.3). For P ∈ R n , define the ball centered at P with the radius r > 0 as B r (P ) := {x ∈ R n : |x − P | < r}. (2.20) Next, given Q ∈ ∂Ω, by ∆ = ∆ r (Q) we denote the surface ball ∂Ω ∩ B r (Q). The Carleson region T (∆ r ) is then defined by
(2.21) Definition 2.6. A Borel measure µ in Ω is said to be Carleson if there exists a constant C ∈ (0, ∞) such that for all Q ∈ ∂Ω and r > 0
where σ is the surface measure on ∂Ω. The best possible constant C in the above estimate is called the Carleson norm and is denoted by µ C .
In all that follows we now assume that the coefficients of the matrix A and B of the elliptic operator L = divA(x)∇ + B(x) · ∇ satisfies the following natural conditions. First, we assume that the entries A ij of A are in Lip loc (Ω) and the entries of B are L ∞ loc (Ω). Second, we assume that dµ(x) = sup
is a Carleson measure in Ω. Sometimes, and for certain coefficients of A, we will assume that their Carleson norm µ C is sufficiently small. The fact that µ is a Carleson allows one to relate integrals in Ω with respect to µ to boundary integrals involving the nontangential maximal function. We have the following result for our averaged nontangential maximal function (c.f. [18] ).
Furthermore, consider Ω = R n + where µ and ν are measures as above supported in Ω and δ(x 0 , x ′ ) = x 0 . Let h : R n−1 → R + be a Lipschitz function with Lipschitz norm L and
Then for any ∆ ⊂ R n−1 with sup ∆ h ≤ diam(∆)/2 we have
Here for a point
where
and the L p averages w are defined by (2.14) where the distance δ is taken with respect to the domain
We recall the definition of L p solvability of the Dirichlet problem. When an operator L is as in Theorem 1.2 is uniformly elliptic (i.e. 2-elliptic) the Lax-Milgram lemma can be applied and guarantees the existence of weak solutions. That is, given any f ∈Ḃ 2,2 1/2 (∂Ω; C), the homogenous space of traces of functions inẆ 1,2 (Ω; C), there exists a unique (up to a constant) u ∈Ẇ 1,2 (Ω; C) such that Lu = 0 in Ω and Tr u = f on ∂Ω. We call these solutions "energy solutions" and use them to define the notion of solvability of the L p Dirichlet problem. Definition 2.8. Let Ω be the Lipschitz domain introduced in (2.3) and fix an integrability exponent p ∈ (1, ∞). Also, fix an aperture parameter a > 0. Consider the following Dirichlet problem for a complex valued function u : Ω → C: 
1/2 (∂Ω; C) the unique energy solution satisfies the estimate
Similarly, we say the Regularity problem for the same PDE is solvable for a given p ∈ (1, ∞) if there exists a C = C(p, Ω) > 0 such that for all boundary data f ∈Ẇ 1,p (∂Ω; C) ∩Ḃ 2,2 1/2 (∂Ω; C) the unique (modulo constants) energy solution satisfies the estimate
C) the corresponding energy solution constructed above is unique (since the decay implied by the L p estimates eliminates constant solutions). As the spaceḂ
for each p ∈ (1, ∞), it follows that there exists a unique continuous extension of the solution operator f → u to the whole space L p (∂Ω; C), with u such thatÑ 2,a (u) ∈ L p (∂Ω) and the accompanying estimate Ñ 2,a (u) L p (∂Ω) ≤ C f L p (∂Ω;C) being valid. Furthermore, as shown in the Appendix of [18] for any f ∈ L p (∂Ω; C) the corresponding solution u constructed by the continuous extension attains the datum f as its boundary values in the following sense. Consider the averageũ : Ω → C defined byũ
where the a.e. convergence is taken with respect to the H n−1 Hausdorff measure on ∂Ω.
We can make a similar statement regarding nontangential convergence of gradients for solutions to the Regularity problem. That is, defining
∇u(y) dy, ∀x ∈ Ω, the same proof in [18] yields that 32) and when Ω = R n + ,
Let us make some observations that explain the structural assumptions we have made in Theorems 1.1 and 1.2. As we have already stated it suffices to formulate the result in the case Ω = R n + by using the pull-back map introduced above. Since Theorem 1.2 requires that the coefficients have small Carleson norm this puts a restriction on the size of the Lipschitz constant L = ∇φ L ∞ of the map φ that defines the domain Ω in (2.3). The constant L will have also to be small (depending on λ p , Λ, n and p).
For technical reasons in the proof we also need that all coefficients A 0j , j = 0, 1, . . . , n − 1 are real. This can be ensured as follows. When j > 0 observe that we have
34) which allows to move the imaginary part of the coefficient A 0j onto the coefficient A j0 at the expense of two (harmless) first order terms. This does not work for the coefficient A 00 . Instead we make the following observation.
Suppose that the measure (2.23) associated to an operator
is a complex valued function such that |α(x)| ≥ α 0 > 0 and |∇α| 2 x 0 is a Carleson measure. Observe that a weak solution u toLu = 0 is also a weak solution to Lu = 0 and that the new coefficients ofÃ andB also satisfy a Carleson measure condition as in (2.23), from the assumption on α. We will only require that the coefficientÃ 00 is real but we may as well ensure for simplicity that it equals to 1. Clearly, if we choose α = A −1 00 , then the new operatorL will have this property. When A 00 (and hence α) is real, thenÃ. Similarly, if A is p-elliptic and I m A 00 is sufficiently small (depending on the ellipticity constants), thenÃ will also be p-elliptic. However, if I m α is not small, the p-ellipticity, after multiplication of A by α may not be preserved. Thus, we assume in our main results (Theorems 1.1 and 1.2) the pellipticity of the new matrixÃ which has all coefficientsÃ 0j , j = 0, 1, . . . , n − 1 real, as this is not implied in the general case from the p-ellipticity of the original matrix A.
Bounds for the nontangential maximal function by the square function
We work on Ω = R n + and we assume that the matrix A is p-elliptic. Our aim in this section is to establish bounds for the nontangential maximal function by the square function. The approach necessarily differs from the usual argument in the real scalar elliptic case due to the fact that certain estimates, such as interior Hölder regularity of a weak solution, are unavailable for the complex coefficient case. Here we deviate from the approach take in [18] where we worked with p-adapted square function and instead focus on the estimates for the usual square function. Our approach is similar to [17] for elliptic systems and when possible we refer to result from there.
The major innovation from [17] is the use of an entire family of Lipschitz graphs on which the nontangential maximal function is large in lieu of a single graph constructed via a stopping time argument. This is necessary as we are using L 2 averages of solutions to define the nontangential maximal function and hence the knowledge of certain bounds for a solution on a single graph provides no information about the L 2 averages over interior balls. Let u be an energy solution to
2) (where, as usual, a > 0 is a fixed background parameter), and consider the map
with the convention that inf ∅ = ∞. We remark that h differs somewhat from the function that has been used in the argument for scalar equations (cf. [29, pp. 212] and [27] ). At this point we note that h ν,a (w,
Thus w as an L 2 average of v is continuous on the upper half-space and decays to zero as x 0 → ∞. Thus h ν,a is finite everywhere.
We look at some further properties of this function. As in [17] we have the following (with identical proof).
Lemma 3.1. Let w be as above (3.1). Also, fix two positive numbers ν, a. Then the following properties hold.
(i) The function h ν,a (w) is Lipschitz, with a Lipschitz constant 1/a. That is,
(ii) Given an arbitrary
We also have (as in [17] ) by an identical argument:
Lemma 3.2. Let v, w be as above. For any a > 0 there exists b = b(a) > a and γ = γ(a) > 0 such that the following holds. Having fixed an arbitrary ν > 0, for each point x ′ from the set
there exists a boundary ball R with x ′ ∈ 2R and such that
Here S b = S 2,b is the usual square function of v = ∇u associated with nontangential cones Γ b (.).
Given a Lipschitz function h : R n−1 → R, denote by M h the Hardy-Littlewood maximal function considered on the graph of h. That is, given any locally integrable function f on the Lipschitz surface
Corollary 3.3. Let v, w be defined as above and let a > 0 be fixed. Associated with these, let b, γ be as in Lemma 3.2. Then there exists a finite constant C = C(n, p) > 0 with the property that for any ν > 0 and any point x ′ ∈ E ν,a such that
The following lemma requires a modified proof which we include below. 
In this context, for any surface ball ∆ r = B r (Q) ∩ ∂Ω, with Q ∈ ∂Ω and r > 0 chosen such that h ν,a (w) ≤ 2r pointwise on ∆ 2r , one has
Here C = C(Λ, p, n) ∈ (0, ∞) and K is a region inside O of diameter, distance to the boundary ∂O, and distance to Q, are all comparable to r. Also, the parameter b > a is as in Lemma 3.2, and the cones used to define the square and nontangential maximal functions in this lemma have vertices on ∂Ω.
Moreover, the term K |v| 2 dX appearing in (3.8) may be replaced by the quan-
where A r is any point inside K (usually called a corkscrew point of ∆ r ) and
Finally, (3.8) and (3.9) remains true even if v is replaced by v − v 0 for any fixed
Proof. Fix θ ∈ [1/6, 6]. Consider the well-known pullback transformation ρ : R n + → O appearing in works of Dahlberg, Nečas, Kenig-Stein and others, defined by
for some positive constant γ. Here φ is a Lipschitz function describing boundary on ∂O, P is a nonnegative function P ∈ C ∞ 0 (R n−1 ) and, for each λ > 0,
Observe that ρ extends up to the boundary of R n + and maps one-to-one from ∂R n + onto ∂O. Also for sufficiently small γ L the map ρ is a bijection from R n + onto O and, hence, invertible.
For a solution u ∈ W 
with boundary datumf on ∂R n + . Hence, solving a boundary value problem for u in Ω is equivalent to solving a related boundary value problem forũ in R 
will be correspondingly small ans will only depends on the Carleson norm of the original coefficients and the Lipschitz norm of the function h ν,a . When the Lipschitz norm of this function goes to zero we have lim sup μ C ≤ µ C and hence the parameter a > 0 may be chosen large enough so that the Lipschitz norm of the function θh ν,a is sufficiently small (at most 6/a) such that μ C ≤ 2 µ C . Moreover, this transformation also preserves ellipticity.
Having fixed a scale r > 0, we localize to a ball B r (y ′ ) in R n−1 . Let ζ be a smooth cutoff function of the form ζ(
and
for some constant c ∈ (0, ∞) independent of r. Our goal is to control the L 2 norm of ∇u θh ν,a (w)(·), · . Since after the pullback under the mapping ρ the latter is comparable with the L 2 norm of ∇ũ(0, ·), we proceed to estimate this quantity. Clearly, if we establish estimate (3.8) for ∇ũ on ∆ r ⊂ ∂R n + it would imply the original estimate for ∇u on the graph of θh ν,a .
Hence, letṽ = ∇ũ. Forṽ k where k = 1, 2, . . . , n − 1 we have
We further expand the term A as a sum of three terms obtained via integration by parts with respect to x 0 as follows:
We start by analyzing the term II. We write ∂ 2 0ṽ k = ∂ k ∂ 0ṽ0 and integrate by parts moving the ∂ k derivative. This gives
(3.20)
We now group together terms that are of the same type. Firstly, we have
Here, the estimate would be true even with truncated square function S
which is at every point dominated by
Next, corresponding to the case when the derivative falls on the cutoff function ζ we have
Finally, the interior term V , which arises from the fact that ∂ 0 ζ vanishes on the set (0, r) ∪ (2r, ∞) may be estimated as follows:
Summing up all terms, the above analysis ultimately yields
Observe also we could have done the whole calculation with a constant subtracted offṽ k without any substantial modifications. It remains to consider derivative in a transversal direction to the boundary. Instead ofṽ 0 = ∂ 0ũ it is more convenient to work with
which will give us desired bound since
The second term is OK as we have (3.24) . We deal with the first term now. A calculation similar to (3.18)-(3.19) gives us
The second term has a similar estimate as (3.23) . For the first term we use the fact thatLũ = 0 which implies that
It follows
We analyse this term by term. In the last two terms, if the derivative falls oñ v j these terms are of the same nature as (3.22) and are handled identically. When the derivative falls on the coefficients these are bounded by
where we have used the Cauchy-Schwarz inequality and the Carleson condition. The first two terms on the righthand side of (3.27) will give us the square function ofṽ when both derivatives fall onṽ or a mixed term like (3.22) or finally when both derivatives hit the coefficients terms bounded from above by
With this in hand, the estimate in (3.8) follows (by passing fromṽ back to v = ∇u via the map ρ).
Finally, the claim that the term (3.9) can be used in the statement of the lemma follows from Poincaré inequality. See [17] for the details.
Finally, by using all Lemmas above we can establish the following local good-λ inequality. We omit the proof as the argument is the same as in [17] .
Then for each γ ∈ (0, 1) there exists a constant C(γ) > 0 such that C(γ) → 0 as γ → 0 and with the property that for each ν > 2ν 0 and each energy solution u of Lu = 0 there holds 
where A d denotes the corkscrew point of the ball ∆ d and ∇u is as in (3.10).
We also have a global estimate for any p > 0 and a > 0. Under the same assumptions as above (and extra a priori assumption Ñ a (∇u) L p (R n−1 ) < ∞ when p < 2) there exists a finite constant C = C(n, λ, Λ, p, a) > 0 such that
Proof. When p > 2 (3.30) follows immediately by a standard argument (multiplying the good-λ inequality (3.29) by ν p−1 and integrating in ν over the interval (2ν 0 , ∞)). Note that the fact that the square function S 2r a is only integrated over some enlargement of ∆ d instead of the whole R n−1 follows from the fact that the set {x
on the righthand side of (3.29) vanishes outside a ball of diameter comparable to ∆ d . For this reason the maximal operators M in (3.29) can be restricted to such enlarged ball ∆ md .
The condition µ C < K comes from the presence of the term
1/2 ≤ γν in the good-λ inequality. The argument that shows (3.30) for all p > 0 can be found in [22] . The local estimate (3.30) for p > 2 is the necessary ingredient for what is otherwise a purely real variable argument. Further details can be found in [22] .
Finally taking the limit d → ∞ yields (3.31). The additional assumption Ñ a (∇u) L p (R n−1 ) < ∞ when p < 2 comes into play it order to guarantee that
4.
Estimates for the p-adapted square function.
Let Ω = R n + and assume u is a weak solution Lu = 0 where
with the Dirichlet boundary datum f ∈Ḃ
Fix an arbitrary y ′ ∈ ∂Ω ≡ R n−1 and consider ∆ = ∆ r (y); a ball of radius r in R n−1 centred at y ′ . Pick a smooth cutoff function ζ which is x 0 −independent and satisfies
where 2∆ is a ball of radius 2r centered at y ′ . Moreover, assume that r|∇ζ| ≤ c for some positive constant c independent of y ′ . We note that since
we may as well assume that A 0j = 0, j > 0 by changing coefficients A 0j and A j0 of the matrix A and modifying B. We note that this does not affect ellipticity of A as all A 0j are assumed to be real. It follows that, we can assume ∂ k A 0j = 0 for all j, k = 0, 1, . . . , n − 1. We begin by considering the integral quantity for some function w (to be specified later) such that w|w|
with the usual summation convention understood. Here s ∈ [0, r]. With χ = x 0 ζ we have by Theorem 2.4 of [18] for all p for which A is p-elliptic for some λ p > 0
The objective is to ultimately apply (4.4) to w = ∂ i u, i = 1, ...n − 1 and obtain a quantity that can be bounded from above by expressions that involve L p norms of |∇u|, and nontangential maximal functions of |∇u|, on the boundary. To see this, we continue the calculation using the fact that we can bound the right hand side of (4.4) by the expression I which brings in the equation. For the moment, we ignore the issue of finiteness of this expression, even though we use this fact in the calculations that follow. We'll return to this point after some of the basic calculations, for the sake of clarity of exposition.
The idea now is to integrate by parts the formula for I in order to relocate the ∂ i derivative. This gives
where ν is the outer unit normal vector to (0, s) × 2∆. The boundary term I does not vanish only on the set {s} × 2∆ and only when i = 0. This gives
As ∂ i x 0 = 0 for i > 0 the term III is non-vanishing only for i = 0. Since A 0j = 0 for j > 0 and A 00 = 1 term III simplifies to
We add up all terms we have so far to obtain
(4.8)
So far w was an arbitrary function. We now apply (4.8) to w k = ∂ k u, k = 1, 2, . . . , n − 1 where u solves Lu = 0. It follows that each w k solves
It follows that
(4.10)
Here we integrated by parts terms containing two derivatives of A or one derivative of B by moving ∂ k derivative. It is important here that k = 0 and hence ∂ k x 0 = 0. The first term on the righthand side can be estimated directly using Theorem 2.7 while the last three terms we estimate using Cauchy-Schwarz inequality, the Carleson conditions for A and B and Theorem 2.7
In summary we get (after using AG-inequality)
It follows that (4.8) simplifies to (after summing over k = 1, 2, . . . n − 1)
(4.12)
We estimate the terms IV . It can be bounded (up to a constant) by
where ∂ T ζ denotes any of the derivatives in the direction parallel to the boundary. Recall that ζ is a smooth cutoff function equal to 1 on ∆ and 0 outside 2∆. In particular, we may assume ζ to be of the form ζ = η 2 for another smooth function η such that |∇ T η| ≤ C/r. By Cauchy-Schwarz (4.13) can be further estimated by
(4.14)
In the last step we have used AG-inequality and a trivial estimate of the solid integral |u| p by the p-averaged nontangential maximal function.
Terms II 2 and II 3 are also similar. We use |∇A|, |B| ≤ µ|
C /x 0 and what remains has a trivial estimate by 2∆\∆ Ñ r p,a (∇u) p dx. Substituting this and (4.14) into (4.12) and by integrating in s over [0, r] and dividing by r we finally obtain
We return now to the issue of finiteness of the quantities in 4.4. We fix an ε > 0 and consider a bound for the expression 
whereÑ r p,a,ε (∇u) denotes the nontangential maximal function relative to the domain {x 0 > ε} as defined in (2.27).
To deal with the quantity 2∆ |∇ T u| p (ε, x ′ ) dx ′ , which is not itself a priori finite, we average the inequalities above over ε ∈ [ε 0 /2, ε 0 ]. Averaging in r as we have done earlier bounds the boundary integral 2∆ |∇ T u| p (r, x ′ ) dx ′ by a solid integral and we obtain, for each k = 1, ...n − 1,
(4.18) By Fatou's lemma, letting ε 0 → 0, the expressions in (4.4) have an upper bound in terms of 2∆ Ñ r p,a (∇u) p dx. Whenever this nontangential maximal function expression is finite, the calculations leading to (4.15) that depend on the finiteness of (4.4) are justified.
To obtain a global version of (4.15), consider a sequence of disjoint boundary balls (∆ r (y
and consider a partition of unity (ζ j ) k∈N subordinate to this cover. That is, assume j ζ j = 1 on R n−1 and each ζ j is supported in ∆ 2r (y ′ j ). Given that j ∂ i ζ j = 0 for each i, it follows by summing over all k that
It follows from (4.12) (after averaging in s over [0, r])
We now modify our calculation above by considering a Lipschitz function g :
(we only assume this to avoid integration over an empty set). We perform the same calculation starting from (4.3) but this time we integrate over the set
Rather that repeating the whole calculation again we focus on the differences. We note that we will only consider s ∈ [r/2, 2r] to avoid complications that might arise from integration over empty sets.
The first difference will be that the term I of (4.5) will contain an additional boundary and hence
where ν i is the i-component of the outer normal of ∂Ω g . Term (4.7) becomes
We look at the term II. As we integrate by parts to obtain (4.10) we pick up two extra boundary terms.
We also modify some estimates. Terms II 5 , II 6 and II 7 of (4.10) are now integrated over the set ([0, s] × 2∆) ∩ Ω g which allow us to use the estimate (2.25) of Theorem 2.7. This gives us
Similar observation applies to terms II 2 , II 3 and IV . It follows that what we have so far implies the estimate for some c p > 0:
Our goal is to estimate the first two terms on the right-hand side of (4.24) bỹ N 2r p,a,g . To do that we average in s twice. We first integrate (4.24) over an interval s ∈ [r/2(1+θ), r(1+θ)] and then integrate the resulting inequality again in θ ∈ [0, 1]. This turns both mentioned terms into solid integrals of |∇ T u| p over a Whitney-type box inside Ω g . This simplifies (4.24) to
We shall use (4.25) in the following Lemma.
Lemma 4.1. Let Ω = R n + and assume u be the energy solution of (4.1). Assume that A is p-elliptic and smooth in R n + with A 00 = 1 and A 0j real and that the measure µ defined as in ( 1.2) is Carleson.
Consider any b > a > 0. Then for each γ ∈ (0, 1) there exists a constant C(γ) > 0 such that C(γ, a, b) → 0 as γ → 0 and with the property that for each ν > 0 we have
HereÑ b denotes the L 2 version of the nontangential maximal function defined over cones of aperture b.
Proof. We observe thatÑ b (∇u) ≤ γν also impliesÑ p,b (∇u) γν thanks to Proposition 2.5. Also clearly,
is an open subset of R n−1 . When this set is empty, or is all of R n−1 , estimate (4.26) is trivial, so we focus on the case when the set in question is both nonempty and proper. Granted this, we may consider a Whitney decomposition (∆ i ) i∈I of it, consisting of open cubes in R n−1 . Let F i ν be the set appearing on the left-hand side of (4.26) intersected with ∆ i . Let r i be the diameter of ∆ i . Due to the nature of the Whitney decomposition there exists a point p ′ ∈ 2∆ i such that S p,b (∇ T u)(p ′ ) < ν/2. From this and the fact that b > a it follows that for all For some a < c < b consider the domain
this is a Lipschitz domain with Lipschitz constant 1/c. Observe that F i ν ⊂ ∂Ω c . It follows that
We apply (4.25). It follows that
p,a,c is defined using nontangential cones with aperture a with vertices on ∂Ω c . Due to the fact that each of these cones is contained in one of the cones
p,a,c (∇ T u) γν everywhere on ∂Ω c . This takes care of the second term. We still need to deal with the four other terms on the righthand side. We do it by converting these terms into a solid integrals by averaging c over the interval [a, (a + b)/2]. Let us denote by
O is the set over which the four terms we want to bound will integrate over after the averaging. The sets Ω c also share F i ν as a common boundary, however there we have a trivial estimate
ν , while the last three terms of (4.27) vanish there (as x 0 = 0).
Given the way the set O is defined geometric considerations imply that it can be covered by a non-overlapping collection of Whitney cubes {Q j } in R n + with the following properties:
Furthermore the projections of Q j onto the boundary R n−1 are "almost disjoint"; that is each such projection overlaps with at most K = K(a, b) other projections. From this j diam(Q j ) n−1 ≈ |2∆ i |. Consider the contribution of the first term on the right-hand side of (4.27) after the averaging in c on each Q j . Such term can be bounded by
where the bound (γν) p comes from the fact that Q j ⊂ Ω b and hence the L p average of ∇u on Q j has this bound from our assumptions. Summing over all Q j gives us the bound
In fact, we have this bound also for the fourth and fifth term on the right-hand side of (4.27) since |ν k | ≤ 1 and |∇A|x 0 , |B|x 0 µ 1/2 C and hence we are again dealing with a solid integral of |∇u| p over each Q j . Finally, the third term on the right-hand side of (4.27) is somewhat different and on Q j has the bound by
where for the second term we can use (2.19) to again get bound of the whole expression by Cdiam(Q j ) n−1 . It follows we have after the averaging procedure for every term of (4.27) the same bound (up to a constant) and that
Summing over all i yields (4.26) as desired.
We will require a localized version of Lemma 4.1 as well.
Lemma 4.2. Let u be as in Lemma 4.1. Fix R ≥ h and consider a boundary ball
where C is a constant depending only on dimension (calculated in the proof below). Then for each γ ∈ (0, 1) there exists a constant C(γ) > 0 such that C(γ, a, b) → 0 as γ → 0 and with the property that for each ν > ν 0
Proof. It follows from (4.15) (by well-familiar averaging) that
Choosing ε = 1/4, which determines C ε , and we now fix C = 4C ε in the definition of ν 0 . This implies that for any ν > ν 0 , we have that 
The inequality (4.34) also holds for any q > 0, provided we know a priori that
Proof. The estimate (4.33) is a consequence of the local good-λ inequality established above and the equivalence ( [11] ) of p-adapted square functions with different aperture in any L q norm. When q ≥ p, and M is large,
By (4.30) and the fact that the coefficients are smooth, the right hand side is finite. Therefore, the left hand side is also bounded, with a constant that may depend on M . Now we multiply the good-λ inequality of Lemma 4.2 by ν p−1 and integrate separately over (0, ν 0 ) and (ν 0 , M ). This gives
The estimate (4.34) follows by taking the limit R → ∞. When q < p, the local good-λ inequality is not available, which is why we need the additional a priori assumption S p,a (∇ T u) L q (R n−1 ) < ∞. The proof proceed otherwise as above but using Lemma 4.1.
So far we have avoided considering the square function of ∂ 0 u. We remedy it now. Observe that since
we can use previous calculations for the square function of ∇ T u and focus on ∂ 2 00 u. Since u solves Lu = 0 and A 00 = 1 we have for
It follows that we have the estimate:
where we define
Considering the same Ω g as above we have an analogue of (4.25):
(4.37)
If follows we can establish a good-lambda inequality analogous to Lemma 4.1.
Lemma 4.4.
Let Ω = R n + and assume u be the energy solution of (4.1). Assume that A is 2-elliptic and smooth in R n + with A 00 = 1 and A 0j real and that the measure µ defined as in (1.2) is Carleson.
We omit the proof as it follows the same idea as the proof of Lemma 4.1 using (4.37) in place of (4.25) . Also averaging in c is not needed. We also have an analogue of Lemma 4.2 by the same argument. We record the consequences of these two results.
Corollary 4.5. Under the assumption of Lemma 4.1, for any q ≥ 2 and a > 0 there exists a finite constant C = C(λ 2 , Λ, q, a, µ C , n) > 0 such that
(4.40) The inequality (4.40) also holds for any q > 0, provided we know a priori that T a (∇u) L q (R n−1 ) < ∞.
We are now ready to establish a local solvability result. Let us consider domains of the following the form. Let ∆ d ⊂ R n−1 be a boundary ball or a cube of diameter
Here as before Γ a (x ′ ) denotes the nontangential region with aperture a at a point
Clearly, a domain such as (4.41) is a domain with Lipschitz constant 1/a. It follows that if L satisfies assumptions of this Theorem 1.1 on R n + it also satisfies it on any domain O ∆ d ,a , provided 1/a is sufficiently small. This can be seen via the pullback transformation (3.11) which transforms the problem from O ∆ d ,a back to R n + . This modifies the coefficients of our PDE to say div(Ā∇v) = 0. (4.42)
In particular, if the original PDE on O ∆ d ,a satisfies A 00 = 1 and A 0j are real, the modified coefficientsĀ will fail to do so. However, we could fix that via the change of coefficients discussed in (2.34) together with the observations noted below. It follows that (4.42) can be rewritten as div(Ã∇v) +B · ∇v = 0.
(4.43)
Because 1/a is small the coefficientĀ 00 is close to 1 andĀ 0j are almost real. It follows that rewriting (4.42) as (4.43) will not destroy the ellipticity and p-ellipticity of the matrixÃ. Hence our previous results of this section apply as they were developed for operators L with first order (drift) terms. We note that in section 3, drift terms are not allowed, but the results of this section can be applied to the PDE (4.42) because the special assumptions onĀ 0j are not used there.
To discuss solvability on domain O ∆ d ,a we need to consider the nontangential maximal functionÑ that is taken with respect to nontangential approach regions that are contained inside O ∆ d ,a ; that is we need to take regions Γ b (·) for any b < a. Without loss of generality we choose b = a/2 and fix it for the remaining part of this section. Finally, ∇ T u at the boundary of O ∆ d ,a is understood to be the tangential component of the gradient with respect to the boundary of this domain.
For 
the following estimate holds:
Proof. In last term of (4.44) because of the way O is defined we clearly have
If follows that by considering the pull-back map ρ :
where we now work on the domain R n + with u solving Lu = 0 in R n + for L as in Theorem 1.1. We start with the term on the lefthand side of (4.46). If follows from (3.30) that for some m 1 > 1 + a
The last term above has a trivial bound by
By (4.39) we have for m 2 = 2m 1 :
Using the Hölder inequality we have for any
Hence the previous line implies that for any ε > 0 we have
and the same inequality holds for the truncated square functions. Observe that q ≥ q ′ and hence we can use (4.33) to estimate the second term. This gives us
For some m 3 > m 2 . We choose ε so that ε q = µ q/2
C . The estimates we have so far can be combined to the following estimate:
To estimate the first term on the righthand side we use (4.15). This gives
Observe that if the estimate above holds for certain m 3 > 1 it will certainly holds for any larger value, say 2m 3 . Hence we can average the estimate on the righthand side of (4.15) between m 3 and 2m 3 . This turns the second term on the righthand side of (4.15) into a solid integral over a set that is contained in R 
Here we truncatedÑ on the righthand side at the height (1 + a)d instead of m 4 d since everything above this height can be incorporated into the last term. Clearly, for sufficiently small µ C we can hide part of the second term in the last line on the righthand side of (4.54). Hence
Clearly, the last estimate is scale invariant and so we write it instead for an enlarged ball ∆ (1+d)d . We do this to have in the second term ∆ m5d \ ∆ (1+a)d where
We now push-forward (4.54) back to the original domain O. We have 
the last term can be estimated by Cd n−1 sup x∈O∩{δ(x)>d} W 2 (x) q as well.
Finally, we can remove the truncation ofÑ at height (1+a)d on the lefthhand side of (4.55) as for points above this height again the term Cd n−1 sup x∈O∩{δ(x)>d} W 2 (x) q controls the nontangential maximal function. This establishes our claim.
5.
Proof of Theorem 1.1.
We will establish the solvability of the Regularity problem assuming that the coefficients of A and B are smooth, applying the results of the previous two sections. The constants in the estimates will not depend on the degree of smoothness. Then, considering smooth approximations of L, a limiting argument gives Theorem 1.1 in the general case.
We start with p = 2. Assume the matrix A is 2-elliptic. It follows that Lemma 4.6 applies. For any K as in the Lemma for any µ C < K we pick a such that
1/2 (∂R n + ) and let u ∈Ẇ 1,2 (R n + ) be the unique energy solution of Lu = 0 with boundary datum f . We shall additionally assume the f is a smooth compactly supported function, it suffices to establish our estimates for those as such functions form a dense subset of L 2 (∂R 
Note that each of the sets ∂O τ ∩ T (τ m∆) consists of the "flat piece" that is just τ ∆ = ∆ τ d (0) and the remaining curve that lies inside R n + . If we average the above inequality over all values of τ ∈ [1, 2] the latter turns into a solid integral over a set that is contained in
Consider what happens as we take d → ∞ in the estimate above. Recall that we know that ∇u ∈ L 2 (R n + ) from the fact that u is an energy solution. This information implies that both
for all x ∈ {x : δ(x) > d} uniformly as d → ∞. From this however we see that the last two terms of (5.2) go to zero as d → ∞ and hence in the limit we have
, which is L 2 solvability of the Regularity problem. Also observe that constant C in the estimate above only depends on λ 2 , Λ and n, precisely as stated in Theorem 1.1.
We now extrapolate. It has been established in [17] that, from Lemma 4.6, a purely real variable argument can be used to establish the following estimate
See in particular Lemma 6.1 and (6.17) of [17] which are completely analogous to our Lemma 4.6 (5.3). A consequence of (5.3) is an existence of δ > 0 which only depends on the constant in the estimate (4.44) such that 4) which is the solvability of the Regularity problem for p 0 = 2 + δ. If p 0 is such that the matrix A is p 0 -elliptic we can repeat the process above we did for p = 2. We now apply Lemma 4.6 for the value p 0 and again take the limit d → ∞. This time the solid integrals we get are
which we know go to zero uniformly for all x ∈ {x : δ(x) > d} as d → ∞ thanks to the fact that (5.4) implies that Ñ p0,a/2 (∇u) L p 0 < ∞. Hence taking the limit d → ∞ in the analogue of (5.2) for
This seemingly is just a restatement of (5.4). The difference however is that now the constant C p0 in (5.5) only depends on the constant in Lemma 4.6 for the value p 0 . This allows us to extrapolate again and obtain solvability of the Regularity problem for some value p 0 + δ ′ . There is no difference in the structure of the argument. We can continue this bootstrapping as long as we stay in the range of p-ellipticity and as long as we can be sure that we are moving by an amount δ ′ which is not getting smaller at each step. This last point is assured by the fact that the constants C p0 in the L p0 norm inequalities (5.5) only depend on the p 0 -ellipticity and the Carleson measure norm of the coefficients. If we fix p > 2 such that the operator is p-elliptic the constants C q for 2 ≤ q ≤ p in Lemma 4.6 are uniformly bounded which assures that our bootstrapping argument will reach the desired value p is finitely many steps giving us solvability of the Regularity problem and the estimate (1.5) of Theorem 1.1.
We now deal with p < 2 such that A is p-elliptic. Assume first that we a priori know that Ñ 2,a (∇u) L p (R n−1 ) < ∞ for an energy solution u in R n + with boundary datum f . Then by (3.31) of Proposition 3.6 and by (4.40) of Corollary 4.5 we have
Here in order to use Corollary 4.5, we must verify that T a (∇u) L p (R n−1 ) < ∞. However under the assumption that the coefficients are smooth we have a pointwise bound T a (∇u)(Q) ≤ S 2,a (u)(Q). We have established solvability of the L p Dirichlet problem in the paper [18] in the range where p-ellipticity holds and in particular we have shown the bound
Hence by (4.49) in conjunction with (4.34) of Corollary 4.3 and (2.18) implies that
When applying (4.34) to estimate S p ′ ,a (∇ T u) L p (R n−1 ) we need to know a priori that this quantity is finite. Here we use our assumption that for now the coefficients are smooth. This gives is a point-wise bound
where N is the pointwise maximal function. The classical L ∞ bounds of AgmonDouglis-Nirenberg [1] for smooth PDE systems imply N N 2 . We also have
and finally we know that S p,a (∇ T u) L p (R n−1 ) < ∞ by (4.19) (taking r → ∞). The one "bad" term in (4.19) which is R n−1 |∇ T u(r, x ′ )| p dx ′ can be dealt with by averaging in r first which turns it into a solid integral. Such term can be estimated
) < ∞ and furthermore it follows this term converges to zero as r → ∞.
Hence all quantities appearing in (5.8) are finite under the assumption our coefficients are smooth, but the constants in this estimate only depend on the parameters n, p, λ p , Λ. We choose ε > 0 in this inequality small enough so that we can hide this term on the lefthand side of (5.7). This gives is
We can now use again (4.19) for S p,a (∇ T u) taking r → ∞. As explained above the term R n−1 |∇ T u(r, x ′ )| p dx ′ gets eliminated. It follows that (4.19) gives us
Hence for all µ C < K sufficiently small combination of (5.9), (5.10) and (2.18) yields 11) from which solvability of the L p Regularity problem follows.
It remain to remove the a priori assumption Ñ 2,a (∇u) L p (R n−1 ) < ∞ we have made earlier.
We again argue by extrapolation starting with p = 2 where we know this since we have already established solvability of the Regularity problem for this value of p.
This time we shall use an extrapolation argument based on an method in [13] of obtaining L 2−ε estimates of nontangential maximal functions from L 2 estimates on sawtooth domains. See also [17] , where this technique was used to get solvability of the L p Dirichlet problem for elliptic systems for 2 − ε < p < 2. In particular, the argument of [13] , reproduced in section 6 of [17] for systems and hence valid in our setting, gives that Ñ 2,a (∇u) L p 0 (R n−1 ) < ∞ for p 0 = 2 − ε and hence the same is true for Ñ p0,a (∇u) L p 0 (R n−1 ) . The quantity ε depends on the constant C 2 in the L 2 norm inequality between the nontangential maximal function and the square function S 2 .
Once we know these quantities are finite, the calculation we did above holds for p 0 giving us (5.11), and hence the same estimate for ∇u, for p 0 = 2 − ε and a constant C 2−ǫ .
The very same extrapolation argument, now invoking the L p0 estimate gives an L p0−ε ′ estimate where ε ′ now depends on C 2−ε . In other words, we apply the same argument as [13] but starting from known estimates for the nontangential maximal function in L p0 instead of L 2 . We can continue this bootstrapping as long as we stay in the range of p-ellipticity and as long as we can be sure that we are moving by an amount ε which is not getting smaller at each step. The same argument as given previously implies that we can reach any value p < 2 in the p-ellipticity range of the matrix A in finite number of steps. From this Theorems 1.1 follows.
Finally, we remove the temporary assumption that the coefficients are smooth. The key is that the constants in the estimates above depend only on n, p, λ p , Λ, µ C and not on any further degree of smoothness of the coefficients of L. Hence the classical argument where we approximate our coefficients by smooth functions, and then pass from the smooth coefficient case by taking the limit can be applied. See for example section 4 of [18] where this is discussed in more detail.
Proof of Theorem 1.2.
The proof is based on the following abstract result [31] , see also [34, Theorem 3.1] for a version on an arbitrary bounded domain.
Theorem 6.1. Let T be a bounded sublinear operator on L 2 (R n−1 ; C m ). Suppose that for some p > 2, T satisfies the following L p localization property. For any ball ∆ = ∆ d ⊂ R n−1 and C ∞ function f with supp(f ) ⊂ R n−1 \ 3∆ the following estimate holds:
In our case the role of T is played by the sublinear operator f →Ñ 2,a (u), where u is the solution of the Dirichlet problem Lu = 0 with boundary data f . Clearly, in the Theorem above the factors 2∆, 3∆ do not play significant role. Hence if we establish estimate (6.1) with 2∆ replaced by m∆ with f vanishing on (m + 1)∆ for some m > 1 the claim of the Theorem will remain to hold.
Clearly, our operator T : f →Ñ 2,a (u) is sublinear and bounded on L 2 by [18] , for coefficients with small Carleson norm µ. To prove (6.1) we shall establish the following reverse Hölder inequality, following ideas of Shen [32] .
where f = u ∂R n + vanishes on 4βm∆. Here m is determined by Lemma 4.6 and β > 1 is determined by a bootstrap argument explained later. Having this by Theorem 6.1 we have for any q ∈ [2, p) the estimate
which implies L q solvability of the Dirichlet problem for the operator L. It remains to establish (6.2). Let us define
where c = c(a) > 0 is chosen such that for all
It follows thatÑ
2,a (u) = max{M 1 (u), M 2 (u)}. We first estimate M 2 (u). Pick any x ′ ∈ ∆. For any y ∈ Γ(x ′ ) with δ(y) > cd it follows that for a large subset A of 2∆ (of size comparable to 2∆) we have
Hence for any
It remains to estimate M 1 (u) on ∆. We write u(x 0 , x ′ ) − u(0, y ′ ) = Let K = {(y 0 , y ′ ) : y ′ ∈ ∆ and cd < y 0 < 2cd}. Using the previous line and the fact that u vanishes on 3∆ ⊂ 4βm∆ we have for any By the fractional integral estimate, this implies that We use this in (6.7), integrate (6.7) in τ over the interval [1, 2] and divide by d (n−1)/q . This gives after using the fact that u = 0 vanishes on at least 4m∆:
We have also used the trivial estimate |∇ T u| ≤ |∇u| on ∂O τ ∩ T (2m∆). For the first term we have
|∇u(x)| q dx (6.10)
|∇u(x)| q dx.
The set T (2m∆) ∩ {x 0 > εmd} in the the interior of R n + of diameter and distance to the boundary that is comparable to d. It follows that the interior estimate (2.17) can be used (we only enlarge this set by a small factor α > 1 so that α[T (2m∆) ∩ {x 0 > εmd}] fully lies in the interior of R We now recall an abstract result from [23, Chapter 5; Proposition 1.1].
Theorem 6.2. Let B R be a ball in R N . Suppose that g ≥ 0, g ∈ L q (B R ) for some q > 1 and for all x ∈ B R/2 and 0 < r < R/16 we have Here clearly, δ = δ(q) depends on q but as long as the constant C ε in the estimate (6.13) stays uniform (which is for q ∈ [p 0 + η, p Here we are avoiding q near 2 as well since then (6.13) provides no information. However, to get us started in the bootstrap argument we may use the inequality 1 T (2m∆) T (2m∆) |∇u| 2+δ0 dx . This is the initial inequality in the bootstrap argument after which we iteratively use (6.15) where δ > 0 stays bounded away from zero as long as we take q ≤ p ′ 0 − η for some small fixed η > 0. This finally implies that for all q < p 
